The competition between elasticity and pinning of an interface in a fluctuating potential energy landscape gives rise to characteristic self-affine roughening and a complex dynamic response to applied forces. This statistical physics approach provides a general framework in which the behaviour of systems as diverse as propagating fractures, wetting lines, burning fronts or surface growth can be described. Domain walls separating regions with different polarisation orientation in ferroelectric materials are another example of pinned elastic interfaces, and can serve as a particularly useful model system. Reciprocally, a better understanding of this fundamental physics allows key parameters controlling domain switching, growth, and stability to be determined, and used to improve the performance of ferroelectric materials in applications such as memories, sensors, and actuators. In this review, we focus on piezoresponse force microscopy measurements of individual ferroelecric domain walls, allowing their static configuration and dynamic response to be accessed with nanoscale resolution over multiple orders of length scale and velocity. Combined with precise control over the applied electric field, temperature, and strain, and the ability to influence the type and density of defects present in the sample, this experimental system has allowed not only a direct demonstration of creep motion and roughening, but provides an opportunity to test less-well-understood aspects of out-of-equilibrium behaviour, and the effects of greater complexity in the structure of both the interface and the disorder landscape pinning it.
Introduction
Ferroelectric materials are characterised by symmetry-equivalent ground states with different orientation of the non-volatile macroscopic electric dipole moment, or polarisation, which may be switched by the application of an external electric field. Depending on the strain and electrostatic boundary conditions, as well as its switching history, a sample may present a uniformly polarised configuration, or coexisting regions with different polarisation orientation, known as domains, separated by domain walls [1, 2, 3] . As thin as 1-2 unit cells (< 1 nm) [4, 5] , the domain walls, shown in Fig. 1 , can be thought of as extended topological defects, with different electronic and structural symmetry from their parent materials as a result of the rotation or local absence of polarisation. The application of an external electric field along the polarisation axis asymmetrises the ferroelectric double well potential, and promotes the growth of domains with the preferred orientation, thus driving domain wall motion.
Understanding the static and dynamic behaviour of domain walls, and specifically their interaction with commensurate (crystal lattice) or random (defects/disorder) pinning sites is key to predicting and controlling domain switching, growth and stability, all questions of high technological as well as fundamental interest. In particular, the switchable remanent polarisation, together with associated pyroelectric and piezoelectric properties, has led to the integration of ferroelectrics in devices ranging from memories [6, 7] to micro-and nano-electromechanical sensors and actuators [8, 9, 10] , and numerous electro-optic applications [11] . In addition, recent discoveries of unusual functional properties localised specifically at the domain walls [12, 13, 14] make them extremely promising as potential active device components in a future domain-wall-based nanoelectronics.
From a theoretical point of view, the effects of complex, heterogeneous disorder inherent to real samples at multiple orders of length scales are difficult to incorporate explicitly. Analytical solutions of Ginzburg-Landau mean-field type calculations provide invaluable information about the thermodynamics and kinetics of defect-free domain switching [15, 16, 17, 18] , and models of domain walls [3] and their interactions with single defects [19] , or with particularly regular, periodically ordered pinning potentials [20] , but do not readily describe the inherent randomness. First-principles atomistic simulations, meanwhile, give extremely accurate estimates of domain wall energies and interactions with individual defects [4, 21, 22, 23] • domain wall separating a P U P and P DOW N polarised region in a thin film of Pb(Zr,Ti)O 3 , adapted from [5] . The atomic displacements differ from their bulk value, indicated left and right of the dotted yellow line marking the central wall plane, across only approximately 2 unit cells.
up beyond super cells of hundreds of atoms. Rather, to tackle the effects of random fluctuations at multiple length scales, a statistical description is necessary. Such a statistical, highly reductionist approach to domain walls within the general framework of disordered elastic systems has proven very powerful, allowing metastability and the glassy physics associated with an energy landscape characterised by multiple local minima to be addressed [24, 25, 26] . Conversely, as a result of the high resolution of scanned probe microscopy, combined with access to a broad range of control parameters such as the applied electric field, temperature, environmental (electrochemical) and strain boundary conditions, ferroelectric domain walls present a useful model system for testing theoretical predictions about pinned elastic interfaces.
Within this framework, the behaviour of such interfaces is governed by the competition between elasticity, which tends to flatten the interface, and pinning, due to fluctuations in the potential energy landscape, leading to roughening and a complex response to an applied force. The scaling of the roughness in the static equilibrium configuration, as well as of the quasi-static thermally-activated dynamics for low driving forces, and of the transition to depinning at higher forces, are universal phenomena characterised by exponents whose values are linked to the dimensionality of the system and the universality class of the disorder. Although the equilibrium properties of such systems are relatively well established, much less is known about their outof-equilibrium behaviour, including ageing and memory effects. In addition, the interaction of an interface with a more complex, highly heterogeneous disorder landscape, as well as the consequences of its potentially intricate internal structure remain poorly understood. Ferroelectric domain walls in epitaxial perovskite (multi)ferroic thin films, with potentially complex internal structure and coupling between different order parameters, and where a variety of defects can be introduced during or after growth can therefore allow these intriguing phenomena to be investigated, and form the subject of this review.
We begin with an overview of the physics of elastic interfaces in disordered media in Sect. 2, then discuss in Sect. 3 how this theoretical framework was specifically applied to ferroelectric domain walls, with initial indications of domain wall pinning in macroscopic functional measurements, followed by detailed nanoscopic studies of the static and dynamic behaviour of individual domain walls, which are the main focus of the present review. In Sect. 4 we relate more recent research, addressing the effects of heterogeneous dis-order, the consequences of complex internal domain wall structure, and the still-open question of out-of-equilibrium behaviour, with ageing and memory effects.
The static and dynamic behaviour of pinned elastic interfaces
In the absence of other influences, an interface with short range elasticity will optimise its elastic energy H el ∼ (∇ z u(z)) 2 d d z by limiting distortions ∇ z u(z) from a flat configuration. However, variations in the potential energy landscape in the presence of finite temperature (T ) thermal fluctuations, or due to defects (disorder), or an underlying crystal lattice periodicity can act as pinning sites with energy H pin and promote wandering. This competition between elasticity and pinning H = H el + H pin results in a glass-like physics, evident in both the characteristic roughening and complex dynamic behaviour of the system 1 . Across a ferroelectric domain wall, the increased energy density σ DW associated with the extremely localised rotation and/or change in magnitude of the polarisation can be seen as a short range elasticity, and the domain walls can therefore be considered as elastic interfaces, with an optimal flat, minimal surface (two-dimensional domain walls in three-dimensional bulk samples) or line-length (one-dimensional domain walls in two-dimensional thin films) configuration. In real ferroelectric systems, the pinning potential for domain walls can be extremely complex and heterogeneous, with point as well as extended structural and electric defects, both random and correlated, coexisting in a given sample with the underlying commensurate pinning potential of the crystal lattice. Also, individual defects can act as strong pinning centres, potentially resulting in a multivalued domain wall configuration with islands and overhangs, or multiple weak point defects can act collectively, giving rise to a univalued domain wall configuration which depends rather on fluctuations in defect density than on the specific positions of individual defects.
Static roughness of pinned elastic interfaces
In the case of weak pinning by uncorrelated disorder, more tractable from a statistical theory point of view, the equilibrium roughening at a given length scale r is formally described by the relative displacements ∆u(r) = u(z) − u(z + r) from the flat elastically optimal configuration, where the transverse displacements u(z) are measured along the longitudinal coordinate z, as shown in Fig. 2(a) . The relative displacements grow for increasing scales r, with characteristic universal scaling accessed in real space via the effective width
or the roughness
of the interface, or in reciprocal space by its structure factor
where u(q) is the Fourier transform of the displacement field u(z), and ... , ... denote an average over z, and an average over disorder realisations, respectively. The specific value of the roughness exponent ζ depends on the system dimensionality d, the nature of the disorder, and the range of the elastic interactions. For disorder in the random bond universality class ( Fig. 2(b) ), which in the case of ferroelectric domain walls corresponds to defects locally varying the depth of the double-well ferroelectric potential, without changing its symmetry, ζ = 2/3 for one-dimensional interfaces and ζ 0.2084
For random field disorder ( Fig. 2(c) ), corresponding to defects which locally asymmetrise the ferroelectric double-well potential, ζ = 1 for all dimensionalities d < 4 . In the case of purely thermal fluctuations ζ = 1/2 for one-dimensional interfaces.
For real interfaces such as ferroelectric domain walls, additional effects including finite interface thickness ξ and long range dipolar interactions need to be taken into account. Thus, at very short length scales r < r C , below which ∆u(r) < ξ, the scaling of the displacement field is actually dominated by elasticity, and the interface is in the Larkin regime with B(r) ∼ r 4−d . The critical length scale r C is known as the Larkin length. At higher length scales r > r C , ∆u(z) > ξ, disorder effects dominate, and the interface properly enters the random manifold regime, with B(r) ∼ r 2ζ , as can be seen of the interface grows with the length scale r, adapted from [29] . For short length scales dominated by elasticity, B(r) ∼ r 4−d . At higher length scales, an individual interface weakly pinned by a random potential shows mono-affine scaling characterised by universal exponents, with B(r) ∼ r 2ζ . In a periodic system of interacting interfaces, roughening slows significantly at length scales corresponding to relative displacements of the order of the system periodicity, with B(r) ∼ log r. Fig. 2(d) . With finite temperatures, the effective thickness of the interface increases ξ ef f,T >0 > ξ T =0 as a result of the induced thermal jitter [30] , allowing continual exploration of the pinning potential landscape at energy scales ∼ k B T . Meanwhile, due to dipolar interactions, the stiffness of the interface, and thus its elasticity under deformations perpendicular to the polar orientation is higher than that for deformations along the polar orientation. For 180
in
• ferroelectric domain walls, for example, such effects need to be taken into account at length scales for which the domain wall may be considered as a two-dimensional interface in a three-dimensional sample. In this case, the elastic energy (expressed in reciprocal space), contains not only the short-range term
with C el (q) = σ DW q 2 , but also the dipolar interaction with C dp = 2P
where P s is the ferroelectric polarisation along direction y, and and 0 are the relative and vacuum dielectric constants. Because q y now scales as q y ∼ q 3/2
x , an effective dimensionality d ef f = d + 1/2 needs to be used to determine the expected values of ζ for random bond and random field disorder [31, 32] .
A higher effective dimensionality likewise needs to be considered for interacting ferroelectric domain walls in periodic domain arrays. Such structures occur intrinsically when insulating or weakly metallic boundary conditions on the free faces of a ferroelectric thin film, combined with few available free charges, lead to the presence of uncompensated dipoles at the surface. The associated electrostatic energy cost can be reduced by the creation of domains with opposite polarity, allowing local field closure across the domain walls. Optimising the volume energy density of the domain U D vs. the surface density of the domain wall σ DW gives rise to a characteristic Landau-LifshitzKittel [33, 34] scaling of domain periodicity w D = σ DW h S /U D with the sample thickness h S . In this case, as for the Bragg glass of magnetic vortices in a disordered lattice [35] , the dimensionality which determines the values of the roughness exponent becomes that of the entire system d ef f = d + m rather than that of an individual interface (d) with a m = 1 dimensional displacement field. Moreover, as the relative displacements ∆u(r) approach the characteristic periodicity of the system r P , roughening slows significantly to B(r > r P ) ∼ log r, as shown schematically in Fig. 2(d) .
In the case of more general disorder, it may also be necessary to consider all the n-th order moments of the probability distribution function (PDF) of relative displacements ∆u(r), which reflect the characteristic scaling properties of the system [29] :
where ζ n are the associated scaling exponents. For the mono-affine case of weak pinning by uncorrelated disorder, the interfacial roughening presents a Gaussian PDF of relative displacements [36, 37, 38] , and the second moment S 2 (r) ≡ B(r) fully describes the scaling properties of the static configuration, with a single-valued roughness exponent ζ n = ζ ∀n. This is not necessarily the case for more complex disorder models [39] , which have shown multi-affine behaviour characterised by an infinite set of individual scaling exponents ζ n and a hierarchy of local roughness exponents.
Complex dynamic response of pinned elastic interfaces
The competition between elasticity and pinning likewise governs the dynamic behaviour of the system, giving rise to a complex response to applied forces, as shown schematically in Fig. 3(a) . With no thermal activation at T = 0, the interface remains pinned until the applied force reaches a critical depinning threshold F C , then responds with abruptly rising velocity v. This behaviour is strongly resembles the evolution of the order parameter during a second order phase transition, and for which, by analogy, universal scaling v ∼ (F − F C ) θ may be expected. At high driving forces, when the interface energy is well above the microscopic details of the disorder landscape, standard linear flow is recovered with v ∼ F , with the pinning contributing essentially a viscous drag. In real systems at finite temperature T > 0, the sharp depinning transition becomes thermally rounded [40] . Thermal activation also allows a quasistatic response to subcritical forces F << F C , where the energy optimisation as a segment of the interface is displaced in the corresponding conjugate field must be balanced against the energy cost of increased interface surface, as well as depolarising and dipolar energies, as appropriate. If the pinning barriers are finite, with some typical energy ∆, thermally assisted flux flow is expected, with a linear but exponentially small response
If, however, the energy barriers diverge as F → 0, with
as in the case of randomly pinned glassy systems, the result is rather a highly non-linear creep motion
where U C is a characteristic energy scale. The creep exponent µ depends on the dimensionality of the system and the universality class of the disorder
In the case of a ferroelectric domain wall in a commensurate pinning potential, such as that of the underlying crystal lattice [4] , the resulting energy landscape can be seen as a tilted washboard [28] , as shown in Fig. 3 
where U D,DW takes into account both the electrostatic and domain wall energies. This expression, developed from observations of domain wall motion in optical-etching studies of single crystals [42, 43] , has also been confirmed by numerical simulations of the formation of a critical nucleus at an existing domain wall in a defect-free material [44] . For d = 1 domain walls, the energy gain scales with the length of the nucleus, while the energy cost is finite, giving rise to thermally assisted flux flow
in the limiting case. However, when pinning in a random disorder potential is considered, both 1-and 2-dimensional domain walls should show creep [29] . At zero temperature (dashed curve), the interface remains pinned until a critical force F C is reached. Thermally activated ultraslow motion is possible even for subcritical forces at finite temperature (solid curve). At high driving forces, standard linear response is recovered. (b) For an interface driven in a periodic pinning potential, the cost of an excursion into an adjacent potential minimum is bounded for one-dimensional interfaces, and grows as the surface of a 2-dimensional interface, leading to creep-like dynamics in the latter case, adapted from [28] .
Ferroic domain walls as pinned elastic interfaces
During the initial intense period of research on ferroelectric perovskites from mid-20th century onwards, fundamental studies focused primarily on single crystals, for benchmark measurements of their switching properties and domain structure and stability. Industrial research, meanwhile, turned to ceramics -cheap and readily processed for integration in a wide array of technological applications, ranging from piezoelectric electromechanical transducers and dielectric sensors to prototype radiation-hard memories [9, 6] . Although the effects of defects were clearly recognised as crucial, they were difficult to include explicitly in the mean-field Ginzburg-Landau-Devonshire approach. Phenomenological theories of domain switching [45, 46] implicitly included the influence of a random potential landscape by assuming stochastic nucleation events, while domain wall motion during subsequent domain growth was posited to be constant and uniform.
The domain walls themselves were considered as essentially straight, with competition between the energy cost of domain wall and the depolarising field leading to the formation of periodic domains showing the characteristic Landau-Lifshitz Kittel scaling with the thickness of the material [33, 34] . Optical studies in single crystals suggested that the predominant factor determining domain wall configuration was the crystal lattice potential: the domain walls indeed appeared straight or strongly faceted, and were often aligned along axes of crystalline symmetry [2, 47] . Likewise, early studies of domain growth agreed very well with the Miller-Weinreich description of domain wall dynamics [41, 42, 43] , implicitly based on the effect of a commensurate pinning potential.
3.1. Evidence of domain wall (de)pinning in macroscopic functional measurements A seminal contribution was the work of Nattermann et al., specifically applying the formalism of disordered elastic systems to domain walls to consider the effects of commensurate vs. random pinning [32, 48] , random bond vs. random field disorder [49, 50] , and the effects of long range dipolar interactions [31] , suggesting susceptibility measurements in ferroic systems as a way to access domain wall (de)pinning and creep dynamics at a macroscopic level.
This insight was particularly important for studies of functional properties in ferroelectric thin films and ceramics [51] , where features analogous to the Rayleigh law for magnetic susceptibility could only be explained by (de)pinning of domain walls in a random potential. In standard ferroelectrics such as Pb(Zr,Ti)O 3 , dielectric [52, 53] and piezoelectric [54, 55] measurements suggested structural defects and thus random bond pinning as the dominant mechanism. In relaxor ferroelectric such as Sr 0.61−x Ce x Ba 0.39 Nb 2 O 6 or KH 2 PO 4 , on the other hand, optical dielectric measurements were compatible with random field disorder [56, 57, 58] . In such materials, where fluctuations of the potential landscape can be directly related to the presence of randomly oriented polar nanoregions, random-field pinning would indeed be expected. Although some reports initially posited a slow dynamics varying linearly with the driving force to explain the non-Debye contributions to the dielectric response, where the effect of random pinning was included only as a broad distribution of domain wall mobilities [59] , consensus supporting the actual non-linear creep dynamics gradually emerged [60, 61] . In periodically poled KTiOPO 4 , susceptibility measurements of domain wall creep with µ = 1 were reported, and also linked to pinning by weak disorder, in this case due to cationic superionicity [62] . Direct pinning and bowing of a single domain wall under a uniform applied electric field was also observed optically at the 1-10 µm level [63] .
Using PFM to study individual ferroelectric domain walls
Piezoresponse force microscopy (PFM) allows the nanoscale imaging of individual domain walls and a detailed investigation of their characteristic static roughening, complex dynamic behaviour, as well as direct access to the nature of the disorder potential landscape itself. Since its implementation, PFM has become the key tool for probing ferroelectric thin films, single crystals and ceramics in both fundamental and applied studies. In this technique, exploiting the piezoelectric properties inherent to all ferroelectric materials, a small oscillating bias is applied between a metallic scanning probe microscopy (SPM) tip and a planar electrode underlying the sample, and the resulting local mechanical deformation or piezoresponse measured by the vertical deflection and lateral torsion of the probe cantilever, as shown schematically in Fig. 4(a) . The phase of this local piezoresponse with respect to the excitation signal carries information about the polarisation orientation (see Fig. 4(b) ), while its amplitude reflects the polarisation magnitude. For example, a full 180
• phase contrast difference and a local amplitude minimum are expected across a 180
• domain wall in vertical PFM imaging of an out-of-plane polarised material. While the induced piezoresponse is generally quite small [67] . (c) In switching spectroscopy-PFM (SS-PFM), a stepped triangular waveform is used to bias a stationary tip and locally measure the characteristic hysteresis of the PFM response as a result of polarisation switching, adapted from [68] . The fine structure of this response can reveal the presence of random bond (d) and random field (e) effects as rounding or imprint, respectively (dashed curve), compared to the standard hysteresis for a reference, symmetric double well potential (solid curve), adapted from [68] .
(typical piezoelectric coefficients for perovskite ferroelectrics are of the order of 10-100 pm/V), lock-in amplification and resonance enhancement can significantly improve signal to noise ratios 2 . PFM thus allows the position of individual ferroelectric domain walls to be mapped with sub-10 nm resolution over areas essentially limited only by the scan range (10s-100s µm). Moreover, novel domain-wall-specific functional properties can be readily identified, including characteristic lateral piezoresponse features in out-of-plane polarised samples [69, 70, 71] , and, with additional conductive tip current measurements, domain wall electrical conduction in these otherwise insulating materials [72, 73, 74, 75, 76] .
Beyond simply imaging, the metallic tip itself can also be used at higher bias as a nanolithographic tool to controllably switch the ferroelectric polarisation in the very local region of intense electric field generated below the tip. Artificial linear domains are thus "written" in the sample by a scanning tip held at a voltage beyond the switching threshold, while individual nanodomains are created by the application of voltage pulses to a stationary tip. Such nanodomains, whose size depends on both the duration and magnitude of the voltage pulse, as well as the size of the tip itself [77, 78] , can be as small as a few nm in radius [79] , in particular when ultrasharp tips based on carbon nanotubes are used [80, 81, 82] , and remain fully stable in measurements extending over a year [83, 84] . While PFM imaging is clearly neither real-time, nor full-field-of-view, information on the switching dynamics and domain growth rates in the sample can nonetheless be obtained from averaging the size of sufficient numbers of these nanodomains written with a particular voltage pulse duration and magnitude. From such measurements of domain size dependence on the writing time, which can extend over multiple decades from 1 ns to 1000 s, the domain wall velocity at a given distance from the tip can be extracted, and correlated with the electric field generated by the tip at this point [85] .
A crucial step is determining the spatial distribution of this highly inhomogeneous electric field, variously considered in a point-charge or spherical approximation, or with more realistic shapes in analytical or numerical models [86, 87, 16, 18, 83, 71] . Moreover, the presence of adsorbates on the ferroelectric surface can significantly influence the electric field, and screen certain types of defects, thus strongly affecting polarisation switching dynamics. In the simplest case, ferroelectric films in ambient conditions are covered by surface water, which forms a variable size, relative-humidity-dependent meniscus around the SPM tip [88, 89] , leading to variations in domain size [90] and in the absolute value of the coercive field [91] . Other liquids or adsorbate layers were also shown to have significant effects on the shape and growth rates of domains, with a notable transition from localised to macroscopic switching for the most conducting solvents [92, 93] .
Combining domain writing and imaging capabilities, PFM thus provides an extremely powerful tool to explore the fundamental static and dynamic behaviour of individual ferroelectric domain walls within the disordered elastic system framework, with an unprecedented nanoscale resolution. In addition, the more basic imaging can be coupled with switching spectroscopy piezoresponse force microscopy (SS-PFM), established by Jesse et al. [94] , where the piezoresponse of a ferroelectric sample is locally probed with a stationary tip under the influence of a stepwise triangular signal, as schematically shown in Fig. 4(c) . This technique can probe the ferroelectric state under progressively higher electric fields, as well as the formation of transient/metastable nuclei and domain structures, and their collapse as the field is returned to zero, allowing access to the nucleation and switching dynamics over the sample surface. A combined PFM/SS-PFM approach can therefore yield direct information about the universality class of the disorder, and map the sites and activation energies for domain nucleation, reflected in the shape and fine structure of the local polarisation-tip bias hysteresis, as can be seen in Fig. 4(d,e) .
Nanoscale observations of roughness and creep dynamics
The first suggestion that PFM imaging could be used to access the pinning and roughening of ferroeletric domain walls came from Likodimos et al. [95, 96] , whose studies of triglycine sulphate single crystals showed the thermally activated growth and coarsening of intrinsic domains consistent with pinning by random impurities. Independently, following magnetooptical studies in ferromagnetic materials [97] , detailed analysis of the roughness and growth of individual, artificially-written domain walls in epitaxial Pb(Zr 0.2 Ti 0.8 )O 3 thin films by Paruch et al., Tybell et al. [85, 98, 24] demonstrated non-linear creep motion at low fields, with a dynamical exponent µ = 0.5-0.6, and power-law growth of the relative displacement correlation function B(r) ∼ r 2ζ at small length scales below the ferroelectric sample thickness, with a roughness exponent ζ = 0.25, as can be seen in Fig. 5(a) . The effective dimensionally d ef f = 2.5 was extracted using Eq. 10, in in excellent agreement with theoretical predictions [31] for a two-dimensional elastic interface weakly pinned by random bond disorder, whose increased d ef f is due to dipolar interactions. These results opened a new area of investigation of ferroelectric materials. The very broadly applicable statistical physics approach to the effects of disorder could be used to extract universal scaling laws describing static and dynamic domain wall behaviour, and to obtain the key parameters controlling domain growth, size, and stability, important for the technological applications based on ever-smaller ferroelectric elements.
Subsequent studies largely confirmed that individual ferroelectric domain walls behave as pinned elastic interfaces, although the exact nature of the pinning potential appears to be strongly sample-dependent, with reported values of the domain wall dimensionality and creep exponent µ variously consistent (Fig. 5(d) ). In combined PFM and switching current studies of domain growth in polycrystalline (150 nm) and epitaxial (100 nm) Pb(Zr,Ti)O 3 thin films [105, 106] , creep dynamics with µ = 0.9-1.0 were also observed, although for the one-dimensional domain walls in these thinner films, the higher µ values appear more consistent with random field disorder, which the authors associate specifically with dipolar defects. In PFM studies of domain dynamics in relaxor ferroelectrics, µ = 1 was also observed [114, 115, 116] , with direct mapping of random field defects by SS-PFM [117] . In contrast, measurements of creep dynamics with µ = 0.5 in epitaxial BaTiO 3 thin films [102] , and µ = 0.25 in crystallite grains extracted from (Pb,La)(Zr,Ti)O 3 (9.5/65/35) ceramics [99] , both suggested random bond pinning, of two-and one-dimensional domain walls, respectively. In the latter study, where the roughening of intrinsic periodically ordered domains with ζ = 0.67 was observed in parallel measurements ( Fig. 5(b) ), the one-dimensional nature of the domain walls was independently confirmed via layer-by-layer polishing of the sample with subsequent PFM imaging to reveal shallow disk-shaped domains formed beneath the tip. Most recently, random bond pinning with µ = 0.2-0.3 and power-law roughening with ζ = 0.4-0.5 was observed for domain walls in thin films of crystalline poly(vinylidene-fluoride-trifluorethylene) [113] . A detailed summary of the different values obtained for the roughness exponent ζ and creep exponent µ in ferroelectric materials, and their comparison with measurements in other physical systems, are presented in Table 1,  and Table 2 , respectively.
Towards more complex physics at domain walls
Although crucial in terms of determining the specifics of domain wall roughening and dynamics, the exact nature of the apparently quite heterogeneous disorder landscape was clearly difficult to access, especially in the early studies. Outside of particular cases in which the defect distribution was known, only the dominant universality class of the disorder, and not the particular type of defects or their density could be inferred from the PFM measurements. In addition, since most studies were performed on artificiallywritten domains, where locally very high intensity electric fields under the biased SPM tip approach dielectric breakdown limits during switching, the disorder landscape itself could be dynamically evolving during the process. These and other complex out-of-equilibrium phenomena, including ageing and memory effects, remain far less well understood. Finally, while ferroelectric domain walls, in particular in multiferroic materials, can present complex internal structure and coupled order parameters, the basic theoretical framework considers uniform, essentially structureless interfaces. Ongoing experimental and theoretical studies have begun to tackle these challenges.
4.1. The effects of a heterogeneous disorder landscape: strong pinning, dynamic disorder, and the breakdown of mono-affinity The complex nature of the disorder landscape was for the first time directly addressed by pioneering SS-PFM studies of Jesse et al. [68] , who demonstrated that in fact the disorder universality class, as determined from the shape of the local polarisation hysteresis, varied between random bond and random field over the surface of a typical Pb(Zr,Ti)O 3 epitaxial thin film. In addition to the random bond/random field behaviour, related to collective weak pinning by point defects, the authors also reported significant highly localised variations of the nucleation threshold across the sample. Both extended topological defects in the form of twin boundaries [68] , and individual strong defects [137] were observed to pin domain walls, and to promote the nucleation of new domains, in agreement with phase field and analytical models [19] . More recently, in-situ transmission electron microscopy studies of domain nucleation and growth in ferroelectric lamellae under electric fields applied with an SPM-tip-like needle electrode directly showed the interaction between a domain wall and an individual dislocation defect [138] . Such defects, which can both spontaneously occur in epitaxial thin films as a result of substrate-induced lattice mismatch strain, and propagate into the film from substrates with lower crystalline quality, such as Verneuil-grown SrTiO 3 , are associated with high strain gradients and elevated oxygen vacancy densities [139] , thus acting as particularly strong and effective pinning sites. From all these observations, it is therefore evident that the disorder landscape in ferroelectric thin films is indeed extremely heterogeneous, and contains a wide variety of both strong and weak pinning sites, all of which interact with domain walls. However, all the earlier studies of ferroelectric domain walls implicitly assumed weak pinning by uncorrelated disorder, with mono-affine scaling of the static equilibrium configuration fully described by the roughness B(r) with a single-valued roughness exponent ζ. To determine the viability of this scenario, a more general multiscaling analysis is necessary, initially developed for studies of fracture surfaces [128] . This approach tests for potential appearance of multi-affinity, or more generally the breakdown of mono-affine scaling by direct examination of the PDF of relative displacements for any deviations from mono-affine Gaussian behaviour, and by extracting the correlation functions
These correlation functions can be collapsed to a universal curve when renormalised by the Gaussian ratios R
in the case of mono-affine scaling. For multi-affine scaling, in contrast, fanning of the renormalised displacement-displacement correlation functions indicates the different values of the ζ n scaling exponents.
Carrying out such a multiscaling analysis of domain wall roughening for artificially-written domain structures in Pb(Zr 0.2 Ti 0.8 )O 3 thin films, Guyonnet et al. [108] reported deviations from mono-affine scaling, with no collapse of the renormalised correlation functions to a universal curve. Interestingly, this behaviour appears to correlate with extremely localised features of the disorder landscape, which give rise to locally much-larger-than-average fluctuations of the relative displacement, as shown in Fig. 6(a-d) . Since at most one such feature was observed in each of the written domain walls, the lower bound on the crossover length beyond which mono-affine scaling appears to break down could be determined as L M A ∼ 5µm. We note here that the Gaussian-normalised displacement-displacement correlation functions show an offset, with comparable power law scaling for the different orders, rather than clear fanning with different exponent values, suggesting that the observed global behaviour is in fact not multi-affinity, as initially assigned, but rather the effective breakdown of correlations between segments of the domain wall separated by the localised disorder features. Indeed, considering segments of domain wall free of these localised features, mono-affine scaling is fully recovered, with a roughness exponent ζ = 0.57 ± 0.06, consistent with the roughening of one-dimensional interfaces in random bond disorder.
One possible type of defect which could give rise to such strong localised interactions with domain walls are dislocations propagating from the SrTiO 3 substrate, which can act as individual pinning sites [138] (see Fig. 6(e) ). Transmission and scanning electron microscopy studies of selectively etched single crystal SrTiO 3 revealed dislocation densities of ∼10 8 cm −2 [140, 141] , qualitatively in agreement with the observed disorder fluctuations. The ability to non-invasively identify these very localised features at the domain walls could be especially interesting when coupled with an investigation of their functional properties [74] . In particular, given that oxygen vacancies [142, 143] increase domain wall conduction, and dislocation cores are associated with a very high presence of oxygen vacancies [144, 139] , exploring the link between multi-affinity and domain wall current levels could be a promising research pathway.
Moreover, while the theoretical framework of a pinned elastic interface generally assumes quenched disorder which does not evolve during the measurement, the defect landscape of ferroelectric thin films can be significantly altered under strong applied electric fields. Nanoscale electrodes such as the biased SPM tip, or even finer carbon nanotube wires [145, 82, 83, 146] used for domain switching studies produce highly inhomogeneous electric fields which can reach intensities close to dielectric breakdown, and can trigger a cascade of electrochemical effects including charge injection and relaxation dynamics, introduction and reordering of highly mobile defects such as oxygen vacancies, and even irreversible damage to the ferroelectric material [147] . These effects appear to be particularly strong at ambient conditions in the presence of surface water or other adsorbates [91, 93] , with very significant effects on domain size and roughening [92] even when the underlying material is not damaged or deteriorated during switching.
To further test the effects of varying disorder, Guyonnet et al. [109] also considered domain wall dynamics during switching in Pb(Zr 0.2 Ti 0.8 )O 3 films grown on SrTiO 3 and DyScO 3 substrates. Epitaxial ferroelectric films grown on these two substrates show very different disorder as a result of the superior crystalline quality of Czochralski-grown DyScO 3 , with significantly fewer dislocations than Verneuil-grown SrTiO 3 , and of the high chemical activity of SrTiO 3 substrates during growth, leading to increased densities of oxygen vacancies [148] . Extracting domain growth dynamics from measurements of domain radius as a function of writing time in the films allows qualitatively similar creep motion to be observed in both ultrahigh vacuum and ambient conditions. However, in ultrahigh vacuum, very irregular domain shapes are seen in the presence of higher defect densities. In addition, for both low and high defect densities, very low values of the creep exponent µ = 0.10-0.13 are obtained, in contrast to the ambient-condition measurements, which show µ = 0.15-0.3, depending on the specific geometry of the electric field model used during fitting. Surface water thus appears to provide screening, allowing more rapid growth, and promoting rounded, uniform domains, in agreement with Landau-Ginzburg-based simulations incorporating the disorder and screening effects as random bond variations of the ferroelectric double well, and an adjustable dipolar interaction strength.
While µ = 0.25 would be the expected value for the dynamical exponent governing creep motion of a one-dimensional elastic interface in random bond disorder, values of µ ∼ 0.1 imply extremely slow dynamics. We note, however, that strong decrease of the dynamical exponent µ was previously observed in Pb(Zr 0.2 Ti 0.8 )O 3 films with extended defects, either introduced as columnar tracks following heavy ion irradiation (µ decrease from ∼0.6 to ∼0.4), or as topological defects in the form of twin walls (µ decrease from 0.5-0.7 to 0.2-0.3) [149] , suggesting that lower µ values can be linked to stronger pinning. Likewise in (Pb,La)(Zr,Ti)O 3 ceramics with increasing disorder due to higher La densities (varying between 5 -9.5 at. %), an evolution of µ values from 0.33 to 0.25 was observed [99] .
4.2. Domain walls with internal structure, mixed order parameters, and outof-equilibrium phenomena Another area of nascent interest is in the behaviour of domain walls with complex internal structure and unusual properties within the pinned elastic interface framework. In multiferroic materials, where two or more of the ferroic orders are present, their coupling can mean that domain walls of (anti)ferromagnetic, (anti)ferroelectric and/or (anti)ferroelastic regions coincide [150, 151, 152] , and would collectively negotiate the potential energy landscape. In addition, such coupling can also give rise to domain-wallspecific ferroic ordering absent from the parent material [153, 154] , such as the ferromagnetism which has been suggested for 109
• domain walls in ferroelectric and antiferromagnetic BiFeO 3 [155, 156] . Thus, nominally ferroelectric walls could, for example, become sensitive to magnetic impurities, and (anti)ferromagnetic walls strongly influenced by charged defects, or elastic strain. Likewise, since Bloch or Néel (anti)ferromagnetic domain walls are generally much wider (on the order of 10-100 nm) than their predominantly Ising ferroelectric counterparts (on the order of 1-10 nm) [4, 23] , the effective width of the coupled domain wall could be very different than that obtained from measurements of simply one of its order parameters, which may re-orient over a much smaller region than the other. Even in purely ferroelectric materials, complex, closure-like structures and strong interactions predicted for equilibrium periodic domain walls in very thin films [157] , could also significantly increase their effective width, and potentially reduce the effects of disorder pinning, in spite of the low dimensionality of the sample.
PFM imaging studies in varying thickness BiFeO 3 by Catalan et al. [111] showed that the intrinsic ferroelectric domains in this material are significantly larger than those of simple ferroelectrics of comparable thickness, and closer in size to domains in magnetic materials, consistent with the strong magnetoelectric coupling at the domain walls. In addition, particularly for the thinnest films, the intrinsic domains appear extremely irregular, with mixed 71
• , 109
• , and 180
• domain walls characterised by a fractal inplane Hausdorff dimension of 1.4±0.1, while artificially-written domains show roughness exponents of ζ = 0.5-0.6. Even higher roughness exponent values of ζ = 0.7-0.8 were observed by Ziegler et al. [112] for purely 71
• quasiperiod intrinsic domains in thicker BiFeO 3 films, where elastic and dipolar interactions between the domain walls, as well as strong segregation of dislocation defects related to step-bunching growth of the films [158] may be playing a role. The strong strain gradients imposed by step-bunching on vicinal miscut substrates during BiFeO 3 growth were shown to promote extremely directional domain wall motion under uniform electric fields applied in a planar capacitor geometry [159] . In the context of domain wall pinning, such features could act as a quasiperiodic pinning potential at length scales far larger than those of the crystal lattice of the material. These effects remain largely unexplored, both theoretically and experimentally.
Moreover, while the roughening and quasi-static slow dynamics of the domain walls can be well described within the disordered elastic system framework as the behaviour of a weakly pinned interface in equilibrium (at least at small length scales) with a random potential, much less is known about the out-of-equilibrium behaviour of such systems. From a theoretical viewpoint, understanding the non-steady slow dynamics associated with ageing [160, 161, 162 ] is a major challenge. An especially interesting realisation of such out-of-equilibrium phenomena is provided by quenches, in which a parameter such as temperature or the appropriate conjugate field is abruptly varied. Numerical studies of interfaces subjected to quenches [163, 164, 165, 166, 167] have shown ageing of the interface and a longterm memory of the initial configuration. For ferroelectrics, Likodimos et al. [95, 103] studied domain evolution in cleaved triglycine sulfate crystals ( Fig. 7(a) ) subjected to annealing-cooling cycles through the transition temperature T C , with random-bond scaling of the slow dynamics extracted from the spatial correlation functions, with a crossover to even slower behaviour. Paruch et al. [107] investigated the thermal evolution of individual domain walls following repeated heat-quench cycles up to high temperatures, but below T C , in Pb(Zr 0.2 Ti 0.8 )O 3 thin films, and found increased roughening at progressively higher length scales, with the exponent ζ changing from 0.25 to 0.5-0.6, as shown in Fig. 7(c) . The observed post-quench behaviour is qualitatively consistent with a locally equilibrated pinned configuration characterised by a growing dynamical length scale, whose ultra-slow evolution is primarily controlled by the defect configuration and the heating process parameters, resulting in a crossover from a two-to a one-dimensional regime, as schematically illustrated in Fig. 7(d) .
In addition, to investigate the role of oxygen vacancies on domain stability during the heat-quench cycling, films grown under the same conditions but cooled in process gas, pure Ar, or pure O 2 were compared. The films grown in oxygen-poor conditions, with higher densities of oxygen vacancies, showed much higher domain stability on heating, with increased roughness only at small length scales, and extensive polarisation switching only close to the Curie temperature of the films, as determined by x-ray diffraction. In these films, nanoscale circular domains could also be more easily stabilised at both ambient and high temperatures, demonstrating the crucial effects of oxygen vacancies. The stabilising effects of disorder had also been remarked for nanoscale domains written with carbon nanotubes [83] , where metastable domain configurations much smaller than predicted from mean-field thermodynamic equilibrium models were followed with no evolution for over one year.
The exact behaviour of the second-order-like depinning transition is also under active theoretical investigation. Although no complete solution exists to date to the equations describing the full dynamics of the interface at finite temperature [168] , advanced numerical simulations exploring thermal rounding of the dynamic response [40] have allowed accurate predictions of the depinning exponent θ for one-and two-dimensional interfaces in random bond and random field disorder. In addition, these studies suggest superroughening of the interface, with ζ > 1 at depinning [169] , although with nonetheless apparently mono-affine scaling. Experimentally, such anomalous scaling, previously reported in fracture surfaces [170, 171] , has also been extracted for ferromagnetic domain walls in ultrathin films [172] . Investiga- • C. The vertical (magenta) bar corresponds to 7 µm. The temporal evolution of the area of the indicated domain allows a quantitative measurement of its coarsening. The inset shows the evolution of the major axis of the domain, with a fit to the power law R(t) ∼ (t − t 0 ) φ . Adapted from [95] . (b) Temperature dependence of the inverse characteristic switching time 1/t 0 vs. the electric field E in Pb(Zr,Ti)O 3 thin films, extracted from switching current measurements. Using the Komogorov-Avrami-Ishibashi expression for the time dependence of the polarisation changes ∆P (t) = 1 − exp[−t/t 0 ) n ], and assuming instantaneous nucleation, the authors relate domain wall velocity v ∼ 1/t 0 . The 1/t 0 dependence thus appears to indicate the depinning transition, with more pronounced rounding at higher temperatures. Reproduced from [106] . (c) PFM images of the evolution of domain structures in Pb(Zr,Ti)O 3 thin films subjected to heating-quench cycles at progressively higher temperatures, indicated on the image. The vertical black bar corresponds to 1 µm. The domain wall roughness B(r) grows after each heating-quench cycle. Whereas at lower temperatures, power-law roughness scaling is observed only at length scales < the film thickness, indicated by the dashed line, after higher temperature heating-quench cycles this region extends to length scales well beyond the films thickness. Correspondingly, the roughness exponent ζ increases from 0.25 to 0.6-0.6. Adapted from [107] . (d) Schematic representation of a disorder-dominated dimensional crossover scenario compatible with the observed roughening behaviour. Before heating, the as-written, initially flat domain walls are only able to locally equilibrate at short length scales. Heating facilitates thermally activated glassy relaxation, allowing equilibration at higher length scales as the temperature increases. The fully equilibrated system is expected to show a 2D to 1D crossover at length scale L × with no memory of the written state. Reproduced from [107] . 28 tions of the crossover between creep and flow regimes [118, 172] also yielded values of θ in agreement with the theoretical predictions of thermal rounding. In ferroelectrics, the early switching studies of the smallest domains in the high-field region very near the biased SPM tip allowed tentative lower bounds to be obtained for the critical electric field indicating a crossover to the faster dynamics of the depinning regime [24] . Specifically focusing on the depinning transition in measurements of switching currents from 300 K down to 3 K, Jo et al. extracted behaviour qualitatively in agreement with thermal rounding, as can be seen in Fig. 7(b) , although with significantly higher values of the thermal exponent θ [106] . We note that significant roughening of fast-moving ferromagnetic [173] and ferroelectric [174] domain walls was observed under high applied fields compared to a relatively smooth configuration at lower fields and velocities. In this high velocity phase, nanodomains are ejected before the advancing domain wall, whose local curvature appears to act as a precursor for the emission. A skyrmion model has been suggested to explain this process [175] . While it may be challenging to carry out high field, and variable temperature measurements, this is one area where further exploration could yield very interesting results, both theoretically and experimentally.
Conclusion
We have shown in this review how ferroelectric domain walls in epitaxial perovskite (multi)ferroic thin films, imaged with nanoscale resolution by PFM, provide a very useful model system for the study of the very broadly applicable physics of pinned elastic interfaces. While mono-affine roughening of the domain walls, and their ultra-slow dynamics for small applied electric fields are by now relatively well understood, far less is known about more complex aspects of the behaviour of such systems. These open questions include the effects of the extremely heterogeneous pinning landscapes present in real samples, where disorder ranging from point defects such as vacancies or substitutions to one-and two-dimensional defects in the form of threading dislocations, irradiation tracks, and twin boundaries can be introduced during or after growth. Likewise, especially in multiferroic materials, the domain walls may present complex internal structure as a result of electrostatic and strain boundary conditions, or due to the coupling of different ferroic orders, while theoretically only uniform structure-less interfaces have been considered. Finally, both theoretically and experimentally, accessing out-of-equlibrium phenomena like ageing and memory effects remains a significant challenge. For all of these, ongoing studies in ferroelectric thin films have the potential to significantly increase our understanding.
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